We provide a motivic decomposition of a twisted form of a smooth hyperplane section of Grð3; 6Þ. This twisted form is a norm variety corresponding to a symbol in the Milnor K-theory K M 3 =3. As an application we construct a torsion element in the Chow group of this variety.
Introduction
In the present paper we study certain twisted forms of a smooth hyperplane section of Grð3; 6Þ. These twisted forms are smooth SL 1 ðAÞ-equivariant compactifications of a Merkurjev-Suslin variety corresponding to a central simple algebra A of degree 3. On the other hand, these twisted forms are norm (generic splitting) varieties corresponding to symbols in the Milnor K-theory K M 3 =3 given by the Serre-Rost invariant g 3 of Albert algebras. In the present paper we provide a complete decomposition of the Chow motives of these varieties.
The history of this problem goes back to Rost and Voevodsky. Namely, Rost obtained the celebrated decomposition of a norm quadric (see [23] ) and later Voevodsky found some direct summand, called a generalized Rost motive, in the motive of any norm variety (see [25] ). These varieties as well as Rost motives appearing in their motivic decompositions play an essential role in the proof of Milnor's conjecture and the drafts of the proof of the Bloch-Kato conjecture. The latter says that for all natural numbers n, prime numbers p, and fields k of characteristic di¤erent from p the Milnor K-theory K M n ðkÞ=p is isomorphic to the étale cohomology H n ðk; m nn p Þ of the field k with coe‰cients in the twists of m p . We refer the reader to the introduction of paper [25] for an overview and general ideas of the proof of the Bloch-Kato conjecture.
For a field k and a central simple k-algebra A of degree 3 consider a variety D obtained by Galois descent from the variety V =GL 1 ðA s Þ, where A s ¼ A n k k s , k s denotes a separable closure of k and V is the variety of elements ða; bÞ in A s Â A s with rank of a l b equal 3 and the reduced norm Nrd a ¼ c Nrd b for some fixed c A k Ã . Note that the F 4varieties from paper [19] can be considered as a mod-3 analogue of a Pfister quadric (more precisely, of a maximal Pfister neighbour). In turn, our variety, being a norm variety of a symbol in K M 3 ðkÞ=3, can be considered as a mod-3 analogue of a norm quadric (see [24] , §1). Thus, there is a close connection between our variety and F 4 -varieties.
The main result of the present paper (Theorem 3.7) asserts that the Chow motive of D is isomorphic to a direct sum of a non-pure motive R and some shifted copies of the motives of Severi-Brauer varieties M À SBðAÞ Á . The motive R has the property that over k s it becomes isomorphic to a direct sum of shifted Lefschetz motives Z l Zð4Þ l Zð8Þ (cf. [25] , formula between (5.4) and (5.5)).
As an application of this motivic decomposition we show that if D is anisotropic then the Chow group CH 2 ðDÞ has 3-torsion (Theorem 4.1).
The paper is organized as follows. In section 2 we provide background information on the category of Chow motives, Schubert calculus, and Steenrod operations. In section 3 we define a smooth compactification of a Merkurjev-Suslin variety MSðA; cÞ with A a central simple algebra of degree 3, describe its geometrical properties, and decompose its Chow motive. Section 4 is devoted to an application of the obtained motivic decomposition. Namely, using the ideas of Karpenko and Merkurjev we construct a 3-torsion element in the Chow group of our variety.
The main ingredients of our proofs are results of Białynicki-Birula [2] , the Lefschetz hyperplane theorem, and the Segre embedding.
Notation
2.1. Let k denote a field. We use Galois descent language, i.e., identify a (quasiprojective) variety X over a field k with the variety X s ¼ X Â Spec k Spec k s over a separable closure k s equipped with an action of the absolute Galois group G ¼ Galðk s =kÞ. The set of k-rational points of X is precisely the set of k s -rational points of X s stable under the action of G.
We consider the Chow group CH i ðX Þ (resp. CH i ðX Þ) of classes of algebraic cycles of codimension i (resp. of dimension i) on an irreducible algebraic variety X modulo rational equivalence (see [10] ).
The Poincaré polynomial or generating function for a variety X is, by definition, the polynomial P a i t i A Z½t with a i ¼ rk CH i ðX Þ.
Schubert calculus.
The structure of the Chow ring of a Grassmann variety is of particular interest for us. We do a lot of computations using formulae from Schubert calculus (see [10] , 14.7) which we briefly describe below.
Consider the Grassmann variety Grðd þ 1; n þ 1Þ of ðd þ 1Þ-dimensional subspaces in the a‰ne space of dimension n þ 1. For each partition l ¼ ðl 0 ; . . . ;
l i , called a Schubert class. The Schubert classes form a free Z-basis of
The multiplication is determined by Pieri's formula:
where the sum runs over m with n À d f m 0 f l 0 f Á Á Á f m d f l d , jmj ¼ jlj þ m and s m ¼ D ðm; 0;...; 0Þ is a special Schubert class.
If jlj þ jmj ¼ ðd þ 1Þðn À dÞ ¼ dim Grðd þ 1; n þ 1Þ, one has the Poincaré duality theorem:
2.3. Let A be a central simple k-algebra of degree n. A generalized Severi-Brauer variety SB d ðAÞ is the variety of right ideals of reduced dimension d in A (see [15] , Definition (1.16)). This variety is a twisted form of Grðd; nÞ (see [15] , Theorem (1.18)). For d ¼ 1 we write SBðAÞ ¼ SB 1 ðAÞ for the usual Severi-Brauer variety. For two central simple algebras A and B there exists a Segre morphism Seg : SB d ðAÞ Â SB d 0 ðBÞ ! SB dd 0 ðA n k BÞ ð4Þ
given by the tensor product of ideals.
We also assume that the reader is familiar with Chern classes and the tautological vector bundle on Grassmannians (see [10] ).
2.4.
Lefschetz's hyperplane theorem. Assume that char k ¼ 0 and the field k is algebraically closed. Let X H P n be a smooth projective cellular variety over k, i.e., a variety which admits a filtration
by closed subvarieties such that X i nX iÀ1 is a disjoint union of a‰ne spaces for all
Let Y ,! { X be a smooth hyperplane section of X . Assume that Y is a cellular variety. The Lefschetz hyperplane theorem (see [11] ) asserts that the pull-back
and the push-forward map with Q-coe‰cients { Ã n Q :
2.5. G m -varieties. We shall need the following result of Białynicki-Birula (see [2] ). Let k be an algebraically closed field of arbitrary characteristic. Let X be a smooth projective variety over k equipped with an action of the multiplicative group G m such that the fixed point locus X G m consists of a finite number r of isolated points. Then the variety X is a disjoint union of r a‰ne cells. In particular, X is cellular.
There are further generalizations of this statement to the case of an arbitrary field k (see [5] , Theorem 3.2). We don't use them in the present paper.
Next we introduce the category of Chow motives over a field k following [16] and [8] . We recall the notion of a rational cycle and state the Rost Nilpotence Theorem following [7] .
2.6. Let k be an arbitrary field and Var k be the category of smooth projective varieties over k. For any variety X we set ChðX Þ :¼ CHðX Þ n Z Z=3. First, we define the category of correspondences with Z=3-coe‰cients (over k) denoted by Cor k . Its objects are smooth projective varieties over k. For morphisms, called correspondences, we set
where pr ij denotes the projection on the i-th and j-th factors of X Â Y Â Z respectively and pr ijÃ , pr Ã ij denote the induced push-forwards and pull-backs for Chow groups.
The pseudo-abelian completion of Cor k is called the category of Chow motives with Z=3-coe‰cients and is denoted by M k . The objects of M k are pairs ðX ; pÞ, where X is a smooth projective variety and p A MorðX ; X Þ is an idempotent, that is, p p ¼ p. The morphisms between two objects ðX ; pÞ and ðY ; qÞ are the compositions q MorðX ; Y Þ p.
2.7.
By construction, M k is a tensor additive category, where the tensor product is given by the usual product ðX ; pÞ n ðY ; qÞ ¼ ðX Â Y ; p Â qÞ. For any cycle a A ChðX Â Y Þ we denote by a t the corresponding transposed cycle.
2.8.
Observe that the composition product induces the ring structure on the abelian group MorðX ; X Þ. The unit element of this ring is the class of the diagonal map D X , which is defined by D X a ¼ a D X ¼ a for all a A MorðX ; X Þ. The motive ðX ; D X Þ will be denoted by MðX Þ and called the (Chow) motive of X .
2.9. Consider the morphism ðe; idÞ : fptg Â P 1 ! P 1 Â P 1 . The image by means of the induced push-forward ðe; idÞ Ã ð1Þ does not depend on the choice of the point e : fptg ! P 1 and defines a projector in CH 1 ðP 1 Â P 1 Þ denoted by p 1 . The motive
For a motive M and a nonnegative integer i we denote its twist by MðiÞ ¼ M n Zð1Þ ni .
From now on we assume that all varieties under consideration are irreducible.
2.
10. An isomorphism between twisted motives ðX ; pÞðmÞ and ðY ; qÞðlÞ is given by
2.11. Let X be a smooth projective cellular variety. The abelian group structure of CHðX Þ is well-known. Namely, X has a cellular filtration and the generators of Chow groups of the bases of this filtration correspond to the free additive generators of CHðX Þ. Note that the product of two cellular varieties X Â Y has a cellular filtration as well, and
where deg : ChðY Þ ! ChðptÞ ¼ Z=3 is the degree map. This formula is an obvious consequence of intersection theory.
2.12. Let X be a projective variety of dimension n over a field k. Let k s be a separable closure of k and X s ¼ X Â Spec k Spec k s . We say a cycle J A ChðX s Þ is rational if it lies in the image of the natural homomorphism ChðX Þ ! ChðX s Þ. For instance, there is an obvious rational cycle D X s in Ch n ðX s Â X s Þ that is given by the diagonal class. Clearly, all linear combinations, intersections and correspondence products of rational cycles are rational.
2.13. Rost nilpotence. Finally, we shall also use the following fact (see [7] , Theorem 8.2) called Rost nilpotence theorem. Let X be a projective homogeneous variety over k. Then for any field extension l=k the kernel of the natural ring homomorphism
In the last section of the present paper we use Steenrod operations and the notion of connected class of fields.
Steenrod operations.
We briefly recall the basic properties of Steenrod operations modulo 3 following Brosnan [4] . Note that these operations were defined before by Voevodsky in the context of motivic cohomology.
Let X be a smooth projective variety over a field k with char k 3 3. For every i f 0 there exist certain homomorphisms S i : Ch Ã ðX Þ ! Ch Ãþ2i ðX Þ called Steenrod operations. The total Steenrod operation is the sum
This map is a ring homomorphism. The restriction S i j Ch n ðX Þ is 0 for i > n and is the map a 7 ! a 3 for n ¼ i. The map S 0 is the identity. Moreover, the total Steenrod operation commutes with pull-backs and, in particular, preserves rationality of cycles.
The following Riemann-Roch formula holds for the total Steenrod operation:
where f : Y ! X is a morphism of smooth projective k-varieties, f Ã denotes the induced push-forward, c is the total Chern class, T X is the tangent bundle of X and cðÀT X Þ ¼ cðT X Þ À1 .
2.15. Connected class of fields and R-equivalence. Following [9] let X be a scheme over k and AðX Þ be the class of all field extensions K=k such that X ðKÞ 3 j. In [9] , Section 6, Chernousov and Merkurjev introduce the notion of X -equivalence on AðX Þ and a connectedness of AðX Þ with respect to this equivalence relation and prove the following statement ([9], Theorem 6.5): Let X be a proper scheme of finite type over k with CH 0 ðX L Þ :¼ Ker
Assume that the class AðX Þ is connected. Then CH 0 ðX Þ ¼ 0.
Moreover, they show ([9], Theorem 11.3) that the class of all splitting fields of an Albert algebra arising from the first Tits construction over 3-special fields is connected (see also [15] , Chapter IX).
Next we briefly recall the notion of R-equivalence. We say that two points p; q A X ðkÞ are elementarily linked if there exists a rational morphism j :
The R-equivalence relation is the equivalence relation generated by this relation.
We use this notion as well as results of Chernousov-Merkurjev once in the last section in order to show that CH 0 ðDÞ ¼ 0 for our compactification D of a Merkurjev-Suslin variety.
Motivic decomposition
From now on we assume the characteristic of the base field k is 0. We need this assumption for validity of the Lefschetz hyperplane theorem.
It is well-known (see [11] , Ch. 1, §5, p. 193) that the Grassmann variety Grðl; nÞ can be represented as the variety of l Â n matrices of rank l modulo an obvious action of the group GL l . Having this in mind we give the following definition. where GL 1 ðA s Þ acts on A s l A s by the left multiplication and Nrd stands for the reduced norm (see [15] , §1).
This variety was first considered by M. Rost.
Consider the Plü cker embedding of Grð3; 6Þ into a projective space (see [11] , Ch. 1, §5, p. 209). It is obvious that under this embedding for all c A k Ã the variety D À M 3 ðkÞ; c Á is a hyperplane section of Grð3; 6Þ.
Moreover, it is easy to see from the definition of D that the closed embedding D s ! Grð3; 6Þ over k s gives rise to a closed embedding { : D ! SB 3 À M 2 ðAÞ Á over k.
Lemma. The variety D is smooth.
Proof (M. Florence). We can assume k is separably closed. Consider first the variety
An easy computation of di¤erentials shows that V is smooth. The variety V is a GL 3 -torsor over D and, since GL 3 is smooth, the torsor V is locally trivial for étale topology. Therefore to prove the smoothness of D we can assume that the torsor V is split.
Since D Â k GL 3 is smooth, D Â k M 3 is also smooth. Therefore it su‰ces to prove that if D Â k A 1 is smooth, then D is smooth. But this is true for any variety. Indeed, for any point 
Lemma. For the variety D s the following properties hold.
(1) There exists a G m -action on D s with 18 fixed points. In particular, D s is a cellular variety.
(2) The generating function for CHðD s Þ is equal to
(3) The natural homomorphism PicðDÞ ! PicðD s Þ is an isomorphism. In particular, the Picard group PicðD s Þ is rational.
Proof. (1) We can assume c ¼ 1. The right action of G m on D s is induced by the following action:
ða l b; lÞ 7 ! a diagðl; l 5 ; l 6 Þ l b diagðl 2 ; l 3 ; l 7 Þ:
The exponents 1, 5, 6, 2, 3, 7 of l's are choosen in such a way that all of them are di¤erent and the sum of the first three equals the sum of the last three. Then the relation det a ¼ det b is preserved.
The 18 fixed points of D s are the 6 3 ¼ 20 3-dimensional standard subspaces in Grð3; 6Þ minus 2 subspaces, generated by the first and by the last 3 standard basis vectors. By the result of Białynicki-Birula (see 2.5) the variety D s is cellular.
(2 
where the vertical arrows are the morphisms of scalar extension. By the Lefschetz hyperplane theorem the map { Ã s restricted to Pic À Grð3; 6Þ Á is an isomorphism. Since Pic À SB 3 À M 2 ðAÞ ÁÁ is rational (see [18] and [19] , Lemma 4.3), i.e., the left vertical arrow is an isomorphism, the restriction map res Ã is surjective. On the other hand, it immediately follows from the Hochschild-Serre spectral sequence (see [1] , §2) that PicðDÞ can be identified with a subgroup of PicðD s Þ. Since PicðD s Þ F Z, we are done. r 3.5. Remark. It immediately follows from this lemma that the variety D is not a twisted flag variety. Indeed, the generating functions of all twisted flag varieties over a separablely closed field are well-known and all of them are di¤erent from the generating function of D s .
3.6.
We must determine partially the multiplicative structure of CHðD s Þ. By the Lefschetz hyperplane theorem the generators in codimensions 0, 1, 2, and 3 are pull-backs of the canonical generators D ð0; 0; 0Þ , D ð1; 0; 0Þ , D ð1; 1; 0Þ , D ð2; 0; 0Þ , D ð1; 1; 1Þ , D ð2; 1; 0Þ , D ð3; 0; 0Þ of Grð3; 6Þ (see 2.2 and [10], 14.7). We denote these pull-backs as 1, h 1 , h 
Since pull-backs are ring homomorphisms, it immediately follows from the Pieri formula (2) that
where u is a vertex in the diagram which corresponds to a generator of codimension less than 4, and the sum runs through all the edges going from u one step to the right.
Next we compute some products in the middle codimension using in the main Poincaré duality (3).
Since D ð3; 1; 0Þ D ð2; 1; 1Þ ¼ D 2 ð2; 2; 0Þ ¼ 0 and where pt denotes the class of rational points on D s .
The next theorem shows that the Chow motive of D with Z=3-coe‰cients is decomposable. Note that for any cycle h in CHðD s Þ or in CHðD s Â D s Þ the cycle 3h is rational. 
where R is a motive such that over a separablely closed field it becomes isomorphic to Z l Zð4Þ l Zð8Þ and R 0 F M À SBðAÞ Á .
Proof. Consider the following commutative diagram (see [6] , 5.5): 
Observe that the right vertical arrow is an isomorphism since M 2 ðAÞ n k A op splits.
Let t 3 and t 1 be tautological vector bundles on Grð3; 6Þ and P 2 respectively and let e denote the Euler class (the top Chern class). By [6] , Lemma 5.7, the cycle ð{ s Â id s Þ Ã À eðpr Ã 1 t 3 n pr Ã 2 t 1 Þ Á A ChðD s Â P 2 Þ is rational.
We have
where s i 's denote special Schubert classes (see 2.2 and [6], 5.9). Therefore by the formula for Chern classes of a tensor product (see [10] , 3.2) we have
, 5.10 and 5.11), where H ¼ Àc 1 ðt 1 Þ is the class of a smooth hyperplane section of P 2 .
Define the following rational cycles
A straightforward computation using the multiplication rules in 3.6 shows that ðÀr 0 1 Þ r t 3 as well as ðÀr 4Ài Þ r t i A Ch 2 ðP 2 Â P 2 Þ is the diagonal D P 2 . Moreover, the opposite compositions ðÀr 0 Þ t r 4 , ðÀr 1 Þ t r 3 , ðÀr 2 Þ t r 2 , ðÀr 3 Þ t r 0 1 , and ðÀr 4 Þ t r 0 give rational pairwise orthogonal idempotents in Ch 8 ðD s Â D s Þ.
To finish the proof of the theorem it remains by 2.10 to lift all these rational cycles r i , r t j to Ch À D Â SBðA op Þ Á and to Ch À SBðA op Þ Â D Á respectively in such a way that the corresponding compositions of their preimages give the diagonal D SBðA op Þ .
Fix an i ¼ 0; . . . ; 4. Consider first any preimage a A Ch À D Â SBðA op Þ Á of Àr 4Ài and any preimage b A Ch À SBðA op Þ Â D Á of r t i . These preimages exist, since the cycles r i , r 4Ài are rational. The image of the composition a b under the restriction map is the diagonal D P 2 . Therefore by the Rost nilpotence theorem for Severi-Brauer varieties (see 2.13) a b ¼ D SBðA op Þ þ n, where n is a nilpotent element in End
In other words, we can take ðD SBðA op Þ þ nÞ À1 a as a preimage of Àr 4Ài and b as a preimage of r t i (note that n is always a torsion element and since by [13] [22] , Theorem 2.16, that one can lift a modulo p motivic decomposition to a decomposition with Z-coe‰cients for any prime number p.
Torsion
In this section we use Steenrod operations modulo 3 (see [4] , [14] , §3, [17] , and 2.14). We denote the total Steenrod operation by S ¼ S 0 þ S 1 þ Á Á Á .
Let X be a smooth projective variety over k. For any cycle p A CHðX Â X Þ we define its realization p ? : CHðX Þ ! CHðX Þ as p ? ðaÞ ¼ pr 2Ã À pr Ã 1 ðaÞp Á , a A CHðX Þ, where pr 1 ; pr 2 : X Â X ! X denote the first and the second projections. As deg : CH 0 ðX Þ ! Z we denote the usual degree map.
The goal of the present section is to prove the following theorem. 
has rank 1, since by the Lefschetz hyperplane theorem (see 2.4) the push-forward À ð{ s Þ Ã j CH 4 ðD s Þ Á n Q is surjective. Denote as d A CH 4 ðD s Þ a generator of this kernel. The projection formula immediately implies that ð{ s Þ Ã ðadÞ ¼ 0 for any a A Im { Ã s and therefore by the Lefschetz hyperplane theorem ad ¼ 0.
Since the natural map PicðDÞ ! PicðD s Þ is an isomorphism (see Lemma 3.4(3)), we denote as h 1 the canonical generator of PicðD s Þ as well as the correponding generator of PicðDÞ. 4.4. Lemma. The following properties of D hold:
(1) The natural group homomorphism CH 0 ðDÞ ! CH 0 ðD s Þ is injective. Its image is generated by zero cycles of degree divisible by 3.
(2) S 1 À p ? ðh 6 1 Þ
Proof.
(1) To prove the statement we use the notion of connectedness of classes of fields introduced by Chernousov and Merkurjev (see 2.15).
By [9] , Theorem 6.5, it su‰ces to show that the class AðDÞ of all field extensions E=k such that DðEÞ 3 j is connected and for any L A AðDÞ the group CH 0 ðD L Þ ¼ Z. By [15] , Corollary (40.11), the Jordan algebra JðA; cÞ obtained by the first Tits construction splits if and only if c A Nrd A ðA Ã Þ. Therefore the connectedness of AðDÞ follows from [9] , Theorem 11.3, since the variety D ¼ DðA; cÞ has an E-point for a field extension E=k if and only if c A Nrd A E ðA Ã E Þ.
To prove that CH 0 ðD L Þ ¼ Z for any L A AðDÞ it su‰ces to check that for any field extension E=L any two rational points of D E are rationally equivalent (see [9] , Lemma 5.2). If the algebra A E is not split, then all rational points of D E are contained in MSðA E ; 1Þ F SL 1 ðA E Þ. Since SL 1 ðAÞ is a rational and homogeneous variety, this implies that D E is R-trivial (see 2.15), and, hence, CH 0 ðD E Þ ¼ Z. If the algebra A E splits, then obviously CH 0 ðD E Þ ¼ Z.
Since D is anisotropic, it follows from [21] , Cor. on p. 205, that the image of the degree map CH 0 ðDÞ ! CH 0 ðD s Þ ¼ Z is divisible by 3.
(2) The proof of this item is similar to the proof of [14] , Corollary 4.9. By [14] , Lemma 
